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Abstract 

It is shown that the deformed Heisenberg algebra involving the reflection operator R {R- 
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form of the algebra, related to the generalized statistics, is found. Some applications of 
revealed representations of the i?-deformed Heisenberg algebra are discussed in the context 
of OSp(2|2) supersymmetry. It is shown that these representations can be employed for 
realizing (2+l)-dimensional supersymmetry. They give also a possibility to construct a 
universal spinor set of linear differential equations describing either fractional spin helds 
(anyons) or ordinary integer and half-integer spin helds in 2-|-l dimensions. 
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1 Introduction 


The deformed Heisenberg algebra involving the reflection operator R has found many inter¬ 
esting physical applications. It appeared naturally in the context of parahelds 1 . 0 . but 
earlier it was known in connection with some quantum mechanical systems 0. Recently 
this algebra was used for investigating quantum mechanical iV-body Calogero model 0, for 
bosonization of supersymmetric quantum mechanics i,i0 and describing anyons in (2-|-l) 
00 and (1+1) dimensions 0. In all the listed applications the inhnite-dimensional unitary 
representations of the i?-deformed Heisenberg algebra were used. 

In the present paper it will be shown that this algebra has also hnite dimensional represen¬ 
tations which are equivalent to representations of some paragrassmann algebra with dif¬ 
ferentiation operator realized in a special form. We shall show that guon-like algebra [n] can 
be constructed in a natural way proceeding from the i?-deformed Heisenberg algebra. Such 
guon-like algebra can be related in some way to the g-deformed Heisenberg algebra 0,0 


with deformation parameter q being a primitive root of unity |^. We shall discuss some 
applications of hnite-dimensional representations of the i?-deformed Heisenberg algebra. In 
particular, they will be used for realization of OSp(2|2) supersymmetry. The relationship of 
revealed representations to hnite-dimensional representations of (2 + l)-dimensional Lorentz 
group will be established. The latter will be employed for realizing (2+l)-dimensional super- 
symmetry. We shall also use them for constructing a universal spinor set of linear differential 
equations describing either fractional spin helds (anyons) or ordinary integer or half-integer 
spin helds in 2+1 dimensions. 


2 Representations of i?-defornied Heisenberg algebra 

The R-deformed Heisenberg algebra is given by the generators a“, a+, 1 and by the rehection 
operator R satisfying the (anti)commutation relations Ill]-[P]: 

[a“, a’*'] = 1 + z/R, = 1, {a^,i?} = 0, (2.1) 

and [a^, 1] = [R, 1] = 0, where z/ G R is a deformation parameter. The rehection operator 
R is hermitian, whereas a~^ and a~ will be considered as mutually conjugate operators with 
respect to appropriate scalar product. One introduces the vacuum state |0), a“|0) = 0, 
(0|0) = 1, i?|0) = |0), and dehnes the states |n) = On(a’'')"'|0) with some normalization 
constants 0„. Then, from the relation 

[a-, (V)”| = (n + 1(1 - (-l)“),^fl) (a+)"-' (2.2) 

one concludes that algebra (|2.1|) has inhnite-dimensional unitary representations when u > 
— 1. In this case the states |n) with Cn = ([rz,]i,!)“^/^, [n\^\ = nr=i[^]i^, [^]i^ = ^ ~ 

(—l)^)z/, form the complete orthonormal basis of Fock space representation, {n\n') = 6nn'- 
The rehection operator can be realized in terms of creation and annihilation operators via 
the number operator 0,0, 

N =^{a^,a-}-^{u + 1), N\n)=n\n), (2.3) 
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R = (—1)'^ = costtA^. 


(2.4) 


On the other hand, one can consider i?-defornied Heisenberg algebra (|2.1|) working in the 
Schrodinger representation, 4/ = 4/(a;), with creation-annihilation operators realized in the 
usual form Here the deformed momentum operator is p = —— ^R), 

and operator R acts as = \h(—x), and so, = ±\h±(x), 4/±(a;) = \['(a:)±\h(—x). 

This explains the name of operator R. One can note that if we write realization (p.4|) 
in the Schrodinger representation just in the case of non-deformed {u = 0) Heisenberg 
algebra, we shall reveal a hidden nonlocal nature of the reflection operator, R = sinhfo, 
Hq = — (R/dx^). Therefore, the reflection operator has a nature similar to the nonlocal 

nature of the Klein operator |^. 

One can get the realization of the i?-deformed Heisenberg algebra in terms of non- 
deformed algebra with creation-annihilation operators obeying the commutation rela¬ 
tion = 1. For the purpose, one represents the operators as a~ = F{Nh)b~, 

a"*" = (a“)^ = b'^F{Nh) with F = F"^ being a function of the number operator Nj, = b^b~. 
Let us substitute these expressions for and a~ and R = (—1)'^'’ into the hrst relation 
from ( |2.1|) , and act on the complete set of orthonormal states \n)i, = (n!)“^/^(6^)"'|0) = |n), 
Nb\n)h = n\n)b, where |n), n = 0,1,..., are the Fock space states of deformed algebra. As a 
result, we arrive at the sought for realization of deformed creation-annihilation operators in 
terms of non-deformed ones. 


= F{Nb)b-, a+ = b+F{Nb), 


(2.5) 


W) = , 1 + 


u 


2{Nb + 1 ) 


(1-1-(-1)^^), z/>-l. 


( 2 . 6 ) 


Function (|2.6| ) takes zero values if we put u = —(2p -|- 1), p = 1, 2,.... This indicates |]n 
that at these special values of the deformation parameter algebra (|2.1|) has hnite-dimensional 
representations. Then, using eq. (|2.2|), one hnds that for u = — (2p -|- 1), p = 1, 2,..., the 
relation {{m\n)) = 0, |n)) = (a’'')”|0), takes place for n > 2p-|- 1 and arbitrary m. This 
means, in turn, that the relations = 0 are valid in this case. These latter 

relations specify hnite-dimensional representations of the i?-deformed Heisenberg algebra. 
Since in such representations for any p = 1,2,..., there are the states with negative norm 
(see eq. ( p.2| )), it means that these hnite-dimensional Fock space representations are non¬ 
unit ary. 


3 i?-paragrassmann algebra 


Let us consider the revealed hnite-dimensional representations in more detail. We have 
arrived at the nilpotent algebra 


[a , a+] = 1 - (2pl)i?, (a=^)^^+^ = 0, p=l,2,..., 

{a^,i?} = 0, R^ = l. 


(3.1) 

(3.2) 


One can interpret as a paragrassmann variable 6, = 0, and in this case a can 

be considered as a diherentiation operator [|^. Therefore, the algebra (|3.1|), (^.2|) is a 
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paragrassmann algebra of order 2p + 1 with a special differentiation operator whose 
action can be defined by relation (|2.2|) . We shall call it the R-paragrassmann algebra. 
Here, in addition to universal representation ( |2.3| ), (p.4|) , one has also the normal ordered 
representation for the operator R, 


2p 

R=T. (3.3) 

with hnite recursive relations dehning coefficients /„, 

[n/2]-l 

2fn-l + [n\^fn - (2p + 1) XI f2i+lfn-{2i+l) =0, U = 1, . . . , 2p, 

i=0 

where /o = 1 and [n/2] is an integer part of n/2. 

As a consequence of eqs. (|3TI|) , (|3.2|) , we have the relations (1 —= (1 —= 0. 
They are equivalent to the nilpotency conditions = 0. Besides, here operators 

satisfy the relation 

+ ... a~ + = 0 (3.4) 


and corresponding conjugate relation. Relations of form ( |3.4|) take place in parasupersym- 
metric quantum mechanics [|I^ . 


As it has been mentioned above, finite-dimensional Fock space representations of R- 
deformed Heisenberg algebra 0) contain the states with negative norm. One may 
introduce the normalized states as \n) = |((n|n))|“^/^|n)). They dehne the met¬ 
ric operator rj = r]\ = 1 , whose matrix elements are ||?7||mn = 11 {’^1^)11 = 

diag{l, — 1 , —1, -|-1, -1-1, —1, — 1 , ..., (—1)^“^, (— 1 )^“^, (—1)^, (—1)^). With this metric opera¬ 
tor, the indehnite scalar product is given by the relation (Ti, 4/2) = (Ti|?7T2) = '^lnVnm'^2m, 
where = (?7,|4/). The operators a'^ and a~ can be represented by the matrices (a+)mn = 

-^ndm—l,nj (® )mn d 3 mdm+l,ny with ^2^+1 B 2 k +1 y^2 (jJ /c) , k 0, 1, . . . ,p 1, A 2 k 

B2k = V^, = 1,... ,p. They satisfy the relation (a )f = rja'^rj, and, as a consequence, are 

mutually conjugate operators with respect to this scalar product, (Ti, a“4/2)* = (T 2 , a’''Ti). 
The reflection operator has here the diagonal form R = diag{+l, —1,-|-1). 

Below we shall reveal the ‘physical explanation’ of non-unitarity of hnite-dimensional 
representations of the R-deformed Heisenberg algebra in which and a~ are interpreted 
as mutually conjugate operators. On the other hand, one can define hermitian conjugate 
operators f^ = a'^,f~ = a~R, in terms of which R-paragrassmann algebra (|3.1|) , du) is 
rewritten equivalently as 


{/+,/-} = (2p+l)-R, {R,/±}=0, R2 = 1, (/±)2 ^’+i = 0, p=1,2,.... (3.5) 


With these operators one could work in a Hilbert space with positive definite scalar product 
(4/i, 4 / 2 ) = 4/j^4/2n, considering a"*" and a~ as not basic operators. However, due to con¬ 
crete physical applications to be considered in what follows, here we shall work in terms of 
operators using the corresponding indehnite scalar product. The described possibility of 
employing hermitian conjugate operators and f~ will be discussed in last section. 
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4 Guons, fermions and g-deformed Heisenberg algebra 

Let us suppose that u 1, and define the operators c~ = c'^ = 

Gu{R) = |1 — z/i?|, where for the moment we suppose that R = (—1)^ with N given by eq. 
(PD- These operators anticommute with reflection operator, {i?, c^} = 0, and satisfy the 
commutation relation c~— Gv{R)G~^{—R)c^c~ = sign{l + uR), where signx is +1 for 
X > 0 and —1 for x < 0. The operator Gy{R) is reduced to G^{R) = 1 — vR for —1 < z/ < 1; 
for two other cases we have Gy{R) = v — R, u > 1, and Gy{R) = R— (2p + l), v = —(2p + l). 
As a result, commutation relation is represented in first case as 

= 1, fifj. = (1 - z/)^(l + -1 < 1 /< 1, (4.1) 

whereas in two other cases it is reduced to 


c — guC^c = i?. 


(4.2) 


where g^ = [v — 1)^(1 + v)~^ for v > 1 and g^ = +p)~^ for v = —(2p+ 1). In the case 

corresponding to finite-dimensional representations the final form (|4.2|) has been obtained 
via additional changing R —> —R. In all three cases operator-valued function g^ satisfies the 
relation g^c^ = c^g~^. The deformed algebra of form (|4.1|) was introduced in ref. in the 
context of generalized statistics. The algebra ( [4.2|) represents some modification of (4.1). 

The corresponding number operator N = N{c'^, c~) is given by 


N = 


^ + ^\/|l - z^^|(2c+c- -/3)(2c-c+ -/3) + 1, 


where a = —z/, /3 = 1 in the case —1 < z/ < 1, and a = 
cases. Implying in relations ( |4.1|) , (13) that R = (-l)'^(' 


z/ -|- z/^ — 1, /3 = |z/| for two other 

\ one can represent them in a 

,± 


closed form containing only creation-annihilation operators c 

Let us take a limit z/ —>■ cx) for the case z/ > 1 and p —>■ cx) for u = —{2p -|- 1) proceeding 


from relation (|4.2|) . Both cases lead to the algebra 

c~— c^c~ = R, {R, c^} = 0, 


R^ = 1 . 


(4.3) 


Considering the Fock space representation defined by relations c“|0) = 0, i?|0) = |0), (0|0) = 
1 , one gets the relations (1|1) = 1, (0|1) = 0, and (m|rz,) = 0 for any m > 2 or n > 2, where 
|?7.) = (c’'')"'|0). It means that the (anti)commutation relations ([4.3|) have two-dimensional 
irreducible representation, in which (c^)^ = 0. In this case the operator R is realized 
as R = 1 — 2c’''c“, that reduces commutation relations (E3) to the standard fermionic 
anticommutation relations, c^c“ -|- c+c“ = 1, = 0. Therefore, fermionic algebra 

can be obtained from the guon-like form of the i?-deformed Heisenberg algebra in the limit 
|z/| —> -hoo. 


The substitution of operators into bosonic realization (p.5|) , (p.6|) gives for z/ —> cx the 
well known realization of fermionic operators in terms of bosonic operators [^, ^ ^]: 


c 


n. 


VnTT 


= (c-y. 


(4.4) 
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Here n+ and supplementary operator n_, n± = are projector operators, H^ = n±, 

n+n_ = 0, n+ + n_ = l, and in eq. (|4.4|) we mean that R = (—1)'^'’. Due to relations 
Hj-fe"'' = operators ( |4.4|) satisfy the standard fermionic anticommuta¬ 

tion relations. 

This bosonization construction for fermions gives us a hint for realization of R- 
paragrassmann algebra in terms of non-deformed creation-annihilation operators h^. Indeed, 
the operators satisfying algebra (|3.1D, (|3.2|) can be realized as follows: 


a = ipp{Nb)Fp{Nb)b , a+ = b'^Fp{Nb)ipp{Nb), 
where instead of projector operator n+ = sm{^{Nb + 1)), we have 


sm 

^p{Nb) = - 


sm 


(^(1 +-^ p )) 


with operator Ap = Afp{Nb), 
Rfp{Nb) = p 


1 

2 


- ( P + 2 + (2P + 1) 


Nb 


_2p + 1_ 

) 


Here [X] is an integer part of X, and operator Fp{Nb) is given by 

Fp{Nb) = 


\ 


1 - 


2p + l 


2{Nb + 1 ) 


(1 + (-!)''•) 


(4.5) 


(4.6) 


(4.7) 


Operator pp has the properties \pp{n)\ = 1, n ^ 2p mod{2p + 1), Pp{2p + k{2p + 1)) = 0, 
k E Z, and so, Pp{Nb)pp{Nb + 1)... Pp{Nb + 2p) = 0. Due to the latter property and 
relations G{Nb)b^ = b^G{Nb ± 1) being valid for any function G{Nb), one concludes that 
operators (|4.5|) satisfy relations = 0. They are odd operators, Ra^ = —a^R, R = 

(—1)'^*’, and satisfy i?-deformed commutation relations ( |2.1j) . Since the relation (a “)^?7 = pa^ 
takes place with p = = (—l)[(^<>+i)/2]^ the operators a~ and are mutually conjugate 

with respect to the indehnite scalar product (Ti,T 2 ) = (Ti|pT 2 ). The obtained bosonized 
representation corresponds to hnite-dimensional matrix representation of the i?-deformed 
Heisenberg algebra described in the previous section. 

Special form of fermionic algebra (|4.3|) can be generalized into the algebra related to the 
g-deformed oscillator. To realize such a generalization, we note that since = 1, i? is a 
phase operator. Then commutation relations (|4.3| ) (i?-algebra) can be generalized into the 
F-algebra, 

[a, a] = P, (4.8) 

where P is a phase operator with properties generalizing the corresponding properties of 
operator P, 

PP = 1, Pa = qaP, Pd = q~^dP, q = e p , p = 2,3, _ (4.9) 


Using these relations, one hnds that the operators aF and commute with operators a, a 
and P. In an irreducible representation they are reduced to some constants. Assuming the 
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existence of the vacuum state |0), a|0) = 0, we find that in Fock space representation of 
there are the relations = 0. Multiplying relation (|4.8|) from the 


algebra 

left by the operator P~^ = we represent it in the form of Lie-admissible algebra 

aTa — aSa = 1, T = S = qP~^. Dehning new creation-annihilation operators, c = 

g-V2aP-V2^c = g-V2p-i/2a 

, one gets hnally the g-deformed Heisenberg algebra cc—qcc = 1, 
with deformation parameter q being the primitive root of unity. 


5 OSp(2|2) supersymmetry 

The P-deformed Heisenberg algebra gives a possibility to realize OSp(2|2) supersymmetry. 
As a result we can get unitary inihnite-dimensional half-bounded representations of si {2, R), 
sl{2,R) C osp{l\2) C osp{2\2), and its non-unitary hnite-dimensional representations. 

In terms of generators of algebra (|2.1| ), the generators of osp{2\2) superalgebra can be 
realized as follows. The even generators Jo, J± = Ji ± i J 2 and A are given by relations 

= J± = ^{a^Y, ^ = + (5-1) 

They satisfy sl{2,R) x m( 1) algebra, 

[Jo, J±] = ±J±, [J-, J+] = 2Jo, [A, Jo] = [A, J±] = 0. 

Odd generators are represented as Q~^ = a’''n_, Q~ = a“n+, S~^ = a+n+, S~ = 

a“n_, where n± are the projectors, n± = i(l ± P). These operators satisfy the following 
anticommutation relations: 

Q±2^g±2^Q^ = 0 , ( 5 . 2 ) 

{Q+,Q-} = 2Jo + A, {^+,^-} = 2Jo-A, {5+,Q+} = J+, {^-,g-} = J_. (5.3) 

Nontrivial commutators between even and odd generators are 

|./+.01 = -S+, [J+,S-] = -Q+. |J_.0+] = S-, |J_.S+]=0-, (5.4) 

[^o,0*l=±fy*. = |A.(J±] = ±Q±. |A,S±] = ±S±. (5.5) 

In the case u > —1, the generators Jo, J± give the direct sum of half-bounded inhnite- 
dimensional unitary representations and D'^_ of sl{2, P), being representations of the so 
called discrete series. Here «+ = ^{1 + 1 /) > 0, and = a+-t-|, and these representations are 
realized on the subspaces spanned by \2n) and |2n-|-l), n = 0 ,1,..., where the corresponding 
Casimir operator of s/(2, P), C = — Jq -|- J+, J-}, takes the values C = —q;+(q;+ — 1) and 
C = —Q(_(q;_ — 1), and Jq has the spectra jo = + n and jo = a- + n, respectively 0, ||. 

In the case of the revealed hnite-dimensional representations of the P-deformed Heisenberg 
algebra, one hnds that the generators Jq, J± give a direct sum of two non-unitary (p -|- 1) — 
and p—dimensional irreducible representations characterized by the values of the Casimir 
operator C = —j±{j± + 1) with j+ = p/2 and j_ = (p — l)/2. These representations are 
realized on the subspaces of even and odd states, |m)+ = a^^™'|0), m = 0 ,1... ,p, |m)_ = 
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^+( 2 m+i) m = Q,...,p — 1, where Jq has the spectra jo = (—j+, —j+ + 1,..., j+) and jo = 
{—j-, —j- +1,..., j_). In other words, finite-dimensional representations of the i?-deformed 
Heisenberg algebra give finite-dimensional representations of (2 -|- l)-dimensional Lorentz 
gronp. As it was noted in section 3, the appearance of indefinite scalar prodnct in the case 
of finite-dimensional representations means that snch representations are non-nnitary. As we 
have seen, these representations are the direct snm of finite-dimensional representations of 
(2-1-1 )-dimensional Lorentz gronp, and since finite-dimensional representations of this gronp 
are non-nnitary (see, e.g., ref. |]T^), we have here a ‘physical explanation’ for non-nnitarity 


of finite-dimensional representations of the i?-deformed Heisenberg algebra with operators 
a"*" and a~ to be mntnally conjngate. 

In the simplest cases given by p = 1 and p = 2, the corresponding metric operator in 
two-dimensional even (p = 1, = 1/2) and odd (p = 2, j_ = 1/2) snbspaces coincides np to 

a c-nnmber factor with the operator Jq being restricted to the corresponding snbspaces. As a 
resnlt, the indefinite scalar prodnct on these snbspaces is the Dirac scalar prodnct. In the case 
of 3-dimensional vector representations corresponding to = 1, p = 2 and j_ = 1, p = 3, 
the metric operator and generators J^, p = 0,1, 2, being restricted to the corresponding even 
and odd snbspaces, can be rednced by appropriate nnitary transformation to the standard 
form of the vector realization with and = diag{—, +, -|-) p!7[] . 

As we have seen, the generators of sl{2, R) algebra act redncibly in the cases of infinite¬ 
dimensional and finite-dimensional representations of algebra ( p.ll) . On the other hand, these 
generators together with operators give irredncible realization of osp(l|2) 

generators with corresponding Casimir operator I, I, § C = ~ taking the 

fixed valne C = ^{1 — 


In conclnsion of this section we note that relations (|5.2|) and (|5.5|) mean that the pair of 
odd generators Q~^ and Q~ together with even generator = 2Jo + A form s(2) snper- 
algebra, = 0, {Q~^,Q~} = Lf+, [Q^,iL+] = 0, whereas operators S~^ and S~ are odd 
generators of s(2) snperalgebra with even generator iL_ = 2Jo — A. 


6 Outlook and concluding remarks 


The constrncted gnon-like algebra of the form ( |4.1| ), ( |4.2| ) contains the operator-valned fnnc- 
tion Qi,. Bnt nnlike the original gnon algebra |]^, here gl Y ^ [g^,, c^] Y 0- The condition 

of the form [g, c^] = 0 appeared in from the reqnirement of micro cansality nnder as- 
snmption that observables should be bilinear in fields or in creation-annihilation operators. 
On the other hand, it is known that in the field-theoretical anyonic constructions involving 
the Chern-Simons gauge field, there are observables (e.g., total angular momentum operator) 
which are not bilinear in creation-annihiliation operators []A|. Moreover, the gauge-invariant 


fields carrying fractional spin and statistics themselves turn out to be nonlocal operators m 


being decomposable in some infinite series in degrees of creation-annihilation operators of 
the initial matter field. It seems that the gnon-like algebra appeared here could find some 
applications in the theory of anyons. 

The revealed finite-dimensional representations of the /2-deformed Heisenberg algebra 
and their relationship to representations of (2 -|- l)-dimensional Lorentz group can be used 
for the construction of universal minimal spinor set of linear differential equations describing. 
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on one hand, ordinary integer and half-integer spin helds and, on other hand, fractional spin 
helds in 2 -|- 1 dimensions. Moreover, it is natural to try to apply these representations for 
constructing (2 -|- l)-dimensional supersymmetric held systems since, as it was shown, any 
(2p -|- l)-dimensional representation of the i?-deformed Heisenberg algebra carries the direct 
sum of spin-j, j = p/2, and spin-(j — 1/2) representations of (2 -|- l)-dimensional Lorentz 
group. For the purpose, let us consider the simplest possible nontrivial case corresponding 
to the choice of 5-dimensional representation of the i?-deformed Heisenberg algebra with 
v = —b (p = 2 ), and construct the operators 

'Da = 'Pa — Ja. + 6 = 

Here a = 1,2, m is a mass parameter, Va = —= d/dx^, are external 
space-time coordinates independent from a^, 7 ^ is the set of ( 2 -|-l)-dimensional 7 -matrices 
taken in the Majorana representation, ( 7 °)a^ = —( 7 ^) 0 ^ = i{(T^)a^ ^ 

Pi = -h a~), C 2 = - a~), and Ja = with given by eq. 

(El- Operators JTq, and Va are spinor operators with respect to the action of the 
total angular momentum vector operator, = ie^y\x''d^ -|- J^, [M^,My\ = 

[M^,Co/\ = \{,1iJL)a^Pp etc., whereas the rehection operator i? is a scalar, [M^,R\ = 0. 
These properties of the operators are, in fact, the consequence of the osp{l\2) superalgebra 
generated by the operators and a^, which has been discussed in the previous section. As 
a result, operator Pa is (2-|-l)-dimensional translation-invariant spinor operator. One can 
consider the set of linear (in 8^) differential held equations 

Pa'^ix) = 0 ( 6 . 1 ) 


having in mind that T(a;) is a 5-component held, which with respect to (2-1-1 )-dimensional 
Lorentz group is transformed as ^(a;) —> ^'(a;') = exp(iM^a;^)\I/(a;), where are the 
transformation parameters. Therefore, eq. ( |6.1|) is the covariant (spinor) set of (2-1-1)- 
dimensional held equations. One can hnd that the held T(a;) satisfying equations (|6.1|) is 
decomposed into the sum of helds = Hj-T, T = T+ -|- T_, carrying spins = —e 
and S- = |s+, respectively. Field is a 2-component Dirac held, whereas 3-component 
held is, in fact, topologically massive Jackiw-Templeton-Deser-Schonfeld vector held 
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Both helds have the same mass m, and, therefore, spinor set of equations (|6.1|) 
describes a supermultiplet of (2-1-1 )-dimensional massive helds. The spinor supercharge 
operator generating the corresponding supertransformations is 


Qa = emCa + RVa- (6.2) 

It anticommutes with Pa on mass shell, i.e. on the surface of equations ( |6.1|) , {Qa, D^} ^ 0 , 
and satishes the relations {Qa, Q/?} ~ — 16 em( 7 ^cI^)Q,^, [8^, Qa\ = 0. Now, one can introduce 
a held $(a;) carrying arbitrary (hxed) inhnite- or hnite-dimensional representation of the R- 
deformed Heisenberg algebra, and consider another spinor set of equations. 


QaHx) = 0. (6.3) 

Here operator Qa ( |6.2|) is generalized to the case of the corresponding representation. So¬ 
lution of eq. (|6.3D is decomposable into the trivial held T_(a;) = n_<I)(x) = 0 and held 
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$+(x) = n+<l>(a:) carrying irreducible representation of the (2+l)-diniensional Poincare 
group characterized by mass m and spin s+ = e\{l + v). Therefore, spin of nontrivial held 
<h_i_ is dehned by the value of deformation parameter i/, and one concludes that the spinor set 
of equations (|6.3|) is the above-mentioned universal set of linear differential equations giving 
some link between fractional spin helds (anyons) in the case of choosing v > —1 Hi, and 
ordinary (2-|-l)-dimensional integer and half-integer spin helds in the case v = —{2p+ 1). 
The described (2-|-l)-dimensional supersymmetry as well as the universal spinor set of linear 
diherential held equations will be considered in detail elsewhere |^T|. We only note here 
that the spinor sets of equations (|t).l| ) and ( |6.3|) are analogous to (3-|-l)-dimensional Dirac 
positive-energy equations in the sense that they represent by themselves the covariant 


(spinor) sets of equations imposed on one multi-component held. 

In conclusion we note that in terms of hermitian conjugate operators /■*■ = a+ and 
f~ = a~R satisfying anticommutation relations (|3.5|) , the described hnite-dimensional rep¬ 
resentations of the i?-deformed Heisenberg algebra supply us with some special deformation 
of parafermionic algebra of order 2p with internal Z 2 grading structure . Recently it was 
shown that new variants of parasupersymmetry can be constructed with the help of 
hnite-dimensional representations of the g-deformed Heisenberg algebra. It turns out that 
physical properties of such new variants can be diherent from the properties of the parasu¬ 
persymmetry realized in terms of the standard parafermionic generators [|T^]. Therefore, the 


revealed hnite-dimensional representations of the R-deformed Heisenberg algebra may also 
be interesting from the point of view of constructing parasupersymmetric systems. Perhaps, 
there the intrinsic Z 2 -grading structure of the corresponding deformed parafermionic algebra 
could hnd physically interesting consequences. 
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